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STATICS



“Statics” is typically the first course to which structural engineering students are
exposed. In this course, the structures are simple enough that all relevant forces can be
determined without knowledge of the physical materials that the structures are made of.
In fact, the structures in this course can be assumed rigid, even though no real life
structures are truly rigid. By the end of the course, the students should be able to apply
the equations of static “equilibrium” to any structure, by creating “free-body-diagrams.”
A carefully chosen free-body-diagram is the starting point when analyzing any real life
structure, whether it is an entire building, a component of a building, or a machine,
biological structure, etc. By solving many statics problems, students may begin to
develop an intuition for the “path” that forces tend to take within certain kinds of
structures. More importantly, as we will see in later outlines, a carefully chosen free-
body-diagram is almost always the starting point when deriving important structural
engineering principles beyond “statics.”



Force equilibrium

For an object not to be accelerating, the following must be satisfied:

D> Fx=0
> Fy=0

eg. 1l

Given: The total length of cord is 4 feet. CD=1.5ft. AC =1 ft. D=10lb. Ignore mass
and size of pulleys.
Find: Weight of B

A C

T=10 1% ¢/ T=101b
B
FB

E:E:%:L%ﬂ.

2 2 12

When 3 sides of a triangle are known: cos¢ = 125" +125 -17
2(1.25)(1.25)

= ¢ =C0s ' .68 = 47°

47°

0= =23.5°
2

Tension=T=10 Ib
—> > Fx:10sin23.5°~10sin 23.5° = 0

+T > Fy:10c0s23.5°+10¢0s23.5°~ F, =0= F, =183 Ib

note: if Fg had turned out to be a negative value, then our assumed direction on the far
right diagram would need to be reversed.



e.g.2

Given: Crate A is to be hoisted at constant velocity (.. this is a statics problem). Max
tension in both ropes is 100 Ib.

Find: @ and (Wa)max

5
COSg=— = ¢ =67°
¢= 13 ¢

—— > Fx:100c0s# —T, c0s67° =0
+T > Fy:100sin 6 —T,sin67°—Wa=0

BUt, Tl = WA
From > Fx =0, cos§=Wac0s67° +100 = & = cos " (WaC0s67° +100)

Substitute 6 into > Fy:

100sin[ cos ™ (Wa cos67° +100)]-Wasin67°-Wa=0 = Wa=51Ib
0=T78.5°

note: If Wx turned out to be > 100, then we would need to redo the calculation, this time
setting Wa=100 and solving for T,. This would then yield the correct value of 6
and To.

e.g.3

Draw a free body diagram at E and
solve for Tec and Tgg. Then, draw a
free body diagram at C and solve for
Tep and Wg.




note: Resultants in three dimensional space are easily found as well, using

D Fx=)Fy=>Fz=0

note: Methods that utilize equilibrium are generally preferred in engineering, whereas
vector methods such as the parallelogram law and the “dot product” are typically
used to illustrate math concepts.

Moments

e.g.’s

o -S<—F
o ‘ L h
h H h M/___ h
R
a =}
[®]

@ (®) () (@
Magnitude of moments about pivot O:
(@) F*h (b) F*hsing (c) F*(L+hcos6) (d) F*h

note: the “cross product” can be used as well to determine the moment
The following examples essentially use the distributive law of cross products.

eg. 1

FE/F Mo = Fx*h

_ ——

L Fx

T or
_,—"f// h
- P o = Fy*d
< L5
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e.g.2

Given: Length and height of lever, magnitude of force.

Find: 6hax, Which yields the maximum moment about O, and éhin, which yields the
minimum moment.

Mo = (40c0s6)(2)+(40sind)(8) =
80cos+320sind = 0 = (Mo)min=

lfﬂ\ f_ o 180deg
S j F=401b  6hin=2.90rad x =166°

7 -rad

S H note: tan™ 21t =14° and 180°-14°=166°
8ft

which is what we found above.

In other words, if the line of action of the force passes through point O, then there is no
moment (M,=0). This, of course, makes intuitive sense.

M, = -80sin+320cosfd= 0=

G = 1.326rad x 180089 _ 760
7 -rad

Mo=3301b = (Mo)max

note: the following example could be solved using the “triple scalar product”. However,
suffice to say, it is really the same as previous problems if the axes are rotated so

that the z axis points into the page.

e.g.
Given: Torque of 80 Ib*in required to loosen the nut (M,=80).
Dimensions and orientation of flex-head wrench given.

Find: Required force F to be applied to the end of the wrench.

€.g




M, = Fd
d =.75+10sin60°
80 = F*(.75+10sin60°)= F =8.51b

Moment couple

O is an arbitrary point in space

The two F forces are located in the same
plane and are of equal magnitude.

W:ax (-E) + Ex F (summation of
cross products)

Mo=(r,-r,) x F

Since (E-a) =r,

Mo=r x F where F is one of the forces
and r is the distance between the couple.

For most problems, r can be expressed simply as d, the perpendicular distance between
the couple.

M, = Fd

The shaft pictured below could be
anywhere on the wheel and would have
the same moment about its axis (as long
as it is perpendicular to the wheel). The
moment would be less than Fd for an
axis not perpendicular to the wheel.




Equivalent force for rigid body

—

e
LS

By looking at the above diagram from right to left, we can see that a force and a moment
can be reduced to a single force located at a certain distance.

If there are multiple forces, then Fr,=>_ Fx and Fry=> Fy.

F r= < Fry, Fry >
M ro=) Mo

note: the magnitude and direction of F r IS independent of the location of O. But, M Ro
depends upon the position vectors r and therefore depends upon the location of O.

F £ would have the same magnitude as F r but would be located at a distance
d=M gro+ F g a distance from the chosen point O.

note: F e and its line of action is the only possible Fcfora given system. Where you
take the moment determines the magnitude and location of d, but it always puts

J—

F £ on the same line of action.

eg. 1l
Given: F1=21Ib,F,=11Ib,F3=31b
Find: equivalent force Fg and location d of this force

s - = % '
A lﬂ/ A d
ft

Ma = 2*1+1*2+3*3 = 13 Ib*ft
(this moment would be resisted by the person’s fingers and palm of hand)



FE: FR: 2+1+3=61b

Fe*d =My =d :% =2.1667 ft

e.g.2
Given: Three forces acting at the locations shown.

Find: Distance from A to the point where the line of action of F eintersects AB.
Distance from B to the point where the line of action of F gintersects BC.

eg 2 3
) D Fx=-175-250*= = -325Ib
E 5
4
6 ft ZFyz—GO—ZSO*gz—%OIb
<) || = V3257 + 2607 = 416lb
175 1b
5t
LA .
A
note:
< 3 B
| E, N
A %\ Mgg
// [~ \E.f
-~
— > PO w N

“D > Mg, = 175*5+250*§*(6+5) —60(3)—250*%*(5+3) = 745Ib * ft

d= a5 _ 1.79 ft
416
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OR

b+7 D Mg = -175*6-60(3)-250*%*(3+ 5) = —2830Ib* ft

4 = 2830

= =-6.8ft
416

Both solutions seem to place Fe along our expected line of action, as the above
illustration shows.

Going back to the original question and solution —

X Looking first at the lower left portion:
FEX * *
B = | Fex*y + Fey*0 = 745 (found from
/\l/ E, Z Mea)
%
K L = V=229ft
<_FEX Now looking at the upper right portion:
P Gl
/ || Fey T\ Fex*h - Fey*x = 2830 = x = 10.9 ft
=t
ﬁa A

Equilibrium of arigid body

So far, we’ve looked at types of problems which are mostly academic. Practical
engineering problems involve taking applied forces and using engineering methods to
calculate how those applied forces are distributed among the elements of your structure.
This was discussed in the first chapter, titled “Introduction to Structural Engineering.”
Now that we have the needed foundation, we will begin to look at more practical-type
engineering problems.

eg 2
. — = 3t 51t
Previously, we’ve seen that F g C

creates a different moment B T |
depending on the location of O. In ]’/

the previous example, shown to the & ft
right, we summed moments about

point A to find the location of F . Flb - 60 Ib
This moment is resisted by the e
connection at A, otherwise the whole ¥

structure would clearly tip over. In 51
the example pictured to the right,

> |
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there are actually three “support reactions” at point A. There are two forces, along with
the resisting moment described two sentences ago. These three support reactions

combine to create a vector that is exactly equal and oppositel_f e. Thus, the structure as a
whole is static. So, we have three unknowns at point A, and we need three equations.

Z Fx =0 O may lie either on or off the body and can be a point or an axis.

sz: 0 oR, ZMA =0 A,B, and C must not lie on the same line.
D> Mo=0 3 Mg =0
> M. =0

Alternatively,

Z E -0 A line passing through points A and B must NOT be perpendicular to
a the “a” axis. If they were allowed to be perpendicular, then there

Z Ma =0 could be F g=0 which is perpendicular to the “a” axis (ZFa =0)

2. My =0 and has a line of action along AB (DM, =) M, =0). To prevent
this, the condition can simply be stated that AB cannot be
perpendicular to the “a” axis.

eg. 1l
Find: Support reactions (see pic below)

eg 1

4_5% 2m J 600sind5 200
N = N 600c0543 L b .
AN 4,\ =
' Iz R
IOON\-‘/ }‘iy 100 BY

2m 3m 2m

"roller” - createg a vertical "pm' - creates a vertical and
support reaction onty horizontal support reaction
(free to rotate and slide horizontally) (free to rotate)

D Fx:600c0s45— Bx = 0= Bx =424N
> "M, :100(2) + (600sin 45)(5) — Ay(7) — (600cos 45)(.2) = 0 = Ay =319N
> Fy: Ay —600sin45-100 - 200+ By = 0 = By = 405N

OR
3" M, : By(7) - (600sin 45)(2) — (600 cos 45)(.2) ~ 100(5) — 200(7) = 0 = By = 405N
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D> Fx=0

note: AB not perpendicular to the x axis= > M =0 can be used.

e.g.2

> M, =0

Given: The weight of each book is w and each has length *““a™.
Find: Maximum distance d that the top book can extend over the bottom book, before the
stack topples. (see pic below)

—=1
—=

d

Half of the book’s length can hang out over B. Need to find
the distance that the second book can hang over A.

d, +x+d,; =%+x+d1 =a = X=a—§—d1 =%—d1
[normal(contact) forces not shown]

tip over = Miop=Mnid

Wiiddle ( X) - Wtop (dl) =0

w(g—dl)—w(dl) =0

8 _od, =d =2=dod +d,=24+2-32
2 4 17277,

e.g.3

Given: (see pic) Spring constant k = 40N/m. Spring is
compressed .2m. Angle of slope 30° as shown.

Find: Support reactions at A in terms of Faxand Fay, and

magnitude of resultant force at wheel bearing B.

eg 3

150mm 125mm \l
=

I

I

A

— > Fx:F, —F;0s60°=0
+TY Fy:F, +Fysin60°-8=0

bﬂ D My :8(.125) - F,, (:275) - F, () =0

From > Fx, Fac= Facos60°
From ) Fy, Fay = 8 - Fgsin60°
Substitute into > M, =

Fe=6.38N  Fa=3.19N Fa=247N
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Two and Three Force Members

When forces are applied at only two points on a member, F A must be of equal
magnitude ad opposite direction to F g (see pic). The line of action is along AB.

If a member is subjected to forces at only three points, then Fi, Ifz, and Fs must be
either concurrent:

E,
2 —
— ., FB
F A=
o

or parallel: ' I !

Knowing about two and three force members can sometimes simplify calculations and
can also serve as a visual check for free-body diagrams which you think contain forces at
only a few locations.

e.g.
Given: An external force resisted by a two-force link and a pin. (see pic)
Find: The magnitude of the support reactions Fa and Fg and their directions &, and és.
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eg

2m

Sm

L1

2m

5-1=4m

el

6= tan™ %: 45°

6= tan L 60.3°
A4

Looking at the free body diagram of the three force member:

D Fx:F, 0s60.3°+400 - F, c0s45° = 0
> Fy:F,sin60.3° - F; cos45°=0

Solving—Fa=1.07kN Fg=1.32kN

Trusses

Assumption: no friction, connections treated as points
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Cantilevered bean/fixed support -
Fx prevents all translation and rotation

-

Weightless linl/pinned connections -
we assuine that forces will only be
X acting at the ping at the ends of the

link. Therefore, it is a two-force
]E\/ member, so the reaction force must
act along the link's axis.

The weightless link will become important in the following section when we talk about
trusses.

A truss is a structure composed of slender members joined together at their end points.

Truss assumptions:
1) All loadings are applied at the joints.
2) The members are joined together by smooth pins. In cases where bolted or
welded joint connections are used, this assumption is satisfactory, provided the
joining members intersect at a common point.

So, each truss member acts as a two-force member. Therefore, the forces at the ends of
the member must be directed along the axis of the member.

T T C C
5 % £

Tension Compression

The Method of Joints

To find support reactions, we would normally ignore the forces within the members since
they are internal to the support reaction’s free body diagram. Instead, if we consider the
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equilibrium at each joint of the truss, then the member forces become external forces on
the FBDs of the joints. The force system acting at each joint is concurrent. z Fx=0

and z Fy = 0 must be satisfied for equilibrium. Therefore, we should start at a joint

having at least one known and at most two unknown forces.

The correct sense of direction of an unknown member force (tensile or compressive) can
in many cases be determined by “inspection.” In more complicated cases, the sense of
the unknown member force can be assumed. A positive answer indicates that you
guessed correctly. A negative answer indicates that the sense shown on your FBD must
be reversed. In this latter case, write the answer as positive but change ( C) to (T) or
vica-versa.

eg. 1l

Given: Dimensions of a truss for a balcony. Resultant loads act at B and C.
Find: The force in each member and state compression ( C) or tension (T).

ez 1

3m 3m

C
A
5
Fop
. 6 _
—+)ZFX FCD(W)_FBC =0
4
+TY Ry Fp(———=)-2=0

V6% +4°

Feo = 3.61kN (C)  Fac = 3kN (T)

F,. \I/ﬁm ——> ) FX:3-F, =0 Fag = 3kN (T)

£ v Ty FyiF,, -3=0 Feo = 3kN ( C)
TB FBC

FBD

—— ) FX:Fyp( ) —3.61(

6 6
=) Fepp (=) =0
V6% + 42 =67 1 42

3
V3% 422
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4 4

+TY Fy:-3- FAD(\/T) 361(ﬁ)—':50(ﬁ

FAD =-2.7=> FAD = 2.7kN (T) FED =-6.31=> FED = 6.31kN ( C)

)=0

E*{Q B> J/B*@ &> ﬁ\l/c

~J
e

e.g.2

Given: Dimensions of a truss (see pic below). Tmax= 2kN, Cnax = 1.2kN, for any
member. Vertical external force P at B and horizontal force at C of equal
magnitude P.

Find: Pmax

B 2m

6= 30° (law of sines)
¢=120°
—> > FX:F,5€0860°— Fye =0
+ T Fy:Fysin60°—P =0
P

Fag= ———=1.155P (C
he sin 60° (€)

Fec = Pcot60° =.577P (C)

PC'ZTS;G C P —— > FX:P+Pcot60° - Fy, c0s30° — Fgy c0s60° =0
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+ T Fy:—F¢,sin30° - Fy, sin60° =0

Fo, = P+ P_cot 60 =2.73P (T)
c0s30° —sin 30°cot 60°
— 2.7§Psun 30° _ 158P = Fep = 1.58P (C)
sin60°
1.58P

| ——Y Fx:F,, ~1.58Psin30°=0

RDT
F,. z . Fap = 1.58sin 30°P =.79P ( C)
00-30-30=30

Tensionpax = 2.73P Compressionmax = 1.58P
2kN = 2.73P 1.2kN = 1.58P
P= i =732.6N P= £ =759.4N

2.73 1.58

Pmax = 732.6N = 732N (at that point, member CA would be pulled apart)

e.g.3
Given: Dimensions of a double scissors truss and resultant forces at joint E and F.
Find: Force in each member.

C This problem is unusual
because all joints have more
than two unknowns, even if

L support reactions are known.
However, the problem can be
solved with the method of
joints, by starting at joint E or

F. > F,=0

B

D
5 © F’
= Fgg = T
E\I/ = sin 45° M
P

Then, move on to joint B.

(]
r
L P

e.g. 4
Given: Dimensions of a K truss and resultant forces at H,G, and F shown below.
Find: Force in each member.

Here, we must calculate support reactions before we can do anything.
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RA:RAy:RE:gP

Start at joint A or E;
ie, ) F, =0=Fap=
3/2*P

- C
. sin45° (€)
C ZFAX =0 = Fac=
3/12*P (T
P b P (M

And continue from there to solve the problem.

Zero Force Members

If two elements meet at a joint and are not collinear and there is no external force at that
joint, then they’re both zero force members.

e o

D
F E
() M ¥
, vl Wi 1. C1 - P(:!
A —
FAEI =

i J/ FA.F:FED =Yy O
B
P P

If three elements meet at a joint, two of which are collinear, and there is no external force
at that joint, then the third member is a zero-force member.
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The Method of Sections

The method of sections is usually used to find the loadings on just a few beams,
efficiently. The basic idea is that if a body is in equilibrium, then any part of the body is
also in equilibrium. Rather than dismembering every beam and applying particle
equilibrium at each joint, we can “slice” through the whole structure and apply rigid body

equilibrium to either of the two portions. » Fx =0,> Fy=0,> Mo =0 must be
satisfied for equilibrium. O can be anywhere in space. The other equations for

equilibrium can also be used (see the beginning of the section “Equilibrium of a rigid
body”). We should create a section with at least one known and at most three unknowns.

eg. 1l
Given: Bridge truss dimensions and equivalent forces at B, C, D.
Find: FGF1 FCF, FCD

(,j F Support reaction at E;
3m bJ,j z M, 1 Rg (12) —10(3) —10(6) -10(9) = 0
= Rg = 15kN
o E  Member forces;
c D
10kN 101N KT) 2 Mg 115(3) ~ Fep (3) =0

+T> Fy:15-F c0s45°-10=0

/ —— ) Fx:—Fg —7.07sin45°~15=0
For 1k Fep = 15kN (T)
| Fcr = 7.07kN (T)

% L
F. — Fer = 20kN ( C)
L0KN
e.g.2

Given: Warren truss dimensions and equivalent forces at B, C, D shown below.
Find: Fch, Fce, Fcp

D D q Support reaction at E;
Re = 15kN (same as e.g. 1)
: : ; - E . 4,15 .
B S D 6= sin (?) =30
MV ok L0KN 10kN h= /3% -1.5% = 2.60m
F,. K‘j > My 115(1.5+3) -10(L.5)
;—$ 7 5 15KN ~ Fe5 (2.60) =0
I
4G +T > Fy:15-FCGcos30°
O ~10=0

10N
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—— > FX:—Fys —5.77sin30°

~202=0
Fep =20.2kN (T)  Feg =5.77kKN (T)  Fue = -23.1 = 23.1kN ( C)

Comparing e.g. 1 and e.g. 2, the bridge seems to be more economical, for this kind of
loading.

note: The method of joints and the method of sections can be easily applied to 3D “space
trusses.” For the method of joints, there would be 3 equations for particle
equilibrium at each joint. For the method of sections, there would be 6 equations

D Fx=)Fy=>Fz=0) Mx=> My=> Mz=0.

Remember that one of our truss assumptions was that the loads were applied only at the
joints. Our truss models pictured in the previous examples show loads only at the joints.
But, in real-life, is this true? The answer is yes, as we can see in the diagram below.

] = =

Al
- =

\/ —

The load from the road and vehicles rests entirely on the beams, as we can see in the
exaggerated diagram. The beams are connected to the bottom joints of the trusses, so the
load is transferred entirely to those bottom joints. Our assumption is thus valid. Finally,
the truss rests on the ground at each end of the valley, so the load is entirely transferred to

the ground. The beams connecting the top joints of the trusses are not shown but
typically would be present.

It’s always important not only to know how to analyze a component of a structural
system, such as the truss examples we have done in this section, but also to understand
the load path for the entire system. The above diagram and explanation described the
load path for a truss bridge. The load path for a truss roof in a gymnasium would be
different. We will take a more quantitative look at the load paths for a simple building in
a different outline.
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Equilibrium of a rigid body + Newton’s 3" Law

We’ve already analyzed frames and machines in the section “Equilibrium of a rigid
body”, but if we apply the same principle that was used for the “method of sections” — if
a body is in equilibrium then any part of the body is also in equilibrium — then frames and
machines (or any kind of structure) can be broken into pieces and analyzed using

D> Fx=0,> Fy=0,% Mo =0 (or the other equations for rigid body equilibrium) for

each piece.

Important: Forces common to any two contacting pieces must act with equal and
magnitudes and opposite sense on the respective members (Newton’s 3" Law). These
two principles — equilibrium for each part, and equal and opposite forces between parts —
enables us to find support reactions when there are fewer “knowns” than in previous
problems in this chapter, and now we can find internal reactions which we could not do at
all before.

eg. 1l
Given: Three-hinged arc with external forces applied at locations shown.
Find: Reactions at A, B, C.

3 equations per free-body diagram
= 6 total equations = 6 unknowns

note: If there was an external force at C,
it would go on either the right piece or the
left, but NOT both

left side:

KT)ZMM :—Ay(8) — Ax(4+3)+8(3)
=0

QZMA . —8(4) + Cx(4 +3) + Cy(8)
=0
> Fy:Ay+Cy=0
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right side: mz M, :By(4+2)-Bx(2+4+3)-54)=0

K_JZMB 'Cy(4+2)-Cx(2+4+3)+5(2)=0
+T> Fx:Cx-Bx=0
Cx(2+4+3)-5(2)
4+2
Substitute into > M,, Cx=2.386kN Cy=191kN Bx=2386kN By =6.91kN

Ay =-1.91= Ay = 1.91kN (down) Ax =5.6kN

From > Mg, Cy=

note: As the structures become more complex, it is easy to see that a calculator which
can solve systems of linear and nonlinear equations simultaneously, can come in
quite handy. The TI-89 calculator is one such calculator which has this
capability.

e.g.2
Given: Frame supported by a hinge at A and a roller at D. 100kg mass at F.
Find: Support reactions and all internal reactions at labeled joints. (see pic below)

entire frame:

D

om 1.6m .9m . Z_j
/ +J3'M, :-981(2.5) + Dx(4.5) =0 =Dx =
1.6m 545N
é 100kg ——> Fx: Ax-Dx=0=Ax = 545N
B
+T> Fy: Ay-981=0=Ay = 98IN

Zm

nry horizontal member:

L ]

crs@%’?ﬁf Z_ﬂz M. : —981(2.5) — Fy sin45°(1.6) = 0
—— ¥ Fx:—Cx— Fy €0545° =0
+T > Fy:Cy-981-Fy sin45°=0

FBE =-2168= FBE = 2168N ( C)
Cx=1533N Cy=-552=Cy =552N (down)
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e.g.3
Given: Dimensions of pruning shears. We need a cutting (normal/contact) force of 20 Ib.

Find: Squeezing force P applied at location shown below. (see pic below)
P

Bin 1.6 3in

upper blade:

K_JZ M, : Fye Sin45°(1.4) + Fy. c0s45°(.6) —20(1) = 0 = Fgc = 14.14 Ib
—> Y FX:Fy €0s45°~Dx=0=Dx=10.0Ib

lower jaw/upper arm:

K_Jf)Z:MA :20(2) -10(.6) - P(3+.6+.8)=0=P=3.21b

note: started with a piece that had at least one known and at most three unknowns.
note: these pruning shears enable one to multiply their grip force by over 5 times.
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Distributed loading

Symumetrical, I?)E will
obviously act somewhere

along the middle line.
[64]

/ W=0m(X) ]
rs
Ve
s
[ OI <
X
L
dA=m(x)dx
FrR=A= jco(x)dx Mgro= '[ Xm(x)dx
L L
jxw(x)dx
“d” = ; =Lt
j o(x)dx
L

o(X) = density function = force per unit length (i.e. 40(x*+2) could be w(x) for the
ramp above). For uniform density, the magnitude of the constant (i.e. w(x) = 40) affects

Fr but not X.

e.g.

Given: Density at the three vertices of the triangular + rectangular distribution.
Find: Frand its location measured from O, for equivalency.

(see pic below)
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€g 12 fi 9 ft

50 Ib/At
100 Ib/tt

300 Ib/ft

L

-
1 1 1 1

z F=Iw+ ] BH + Ilw+ r BH =12(50) + rl (300-50)(12) + 9(2100) + ] (300-100)(9)

=3900Ib = Fg
Z M =12(50)(6) + % (300-50)(12)(8) + 9(100)(12 + 4.5) + %(300 —100)(9)(12 + 3) = 43950Ib * ft

= Mo
x=2390 19 574

3900

note: For a triangular distribution, the equivalent force > BH s located a distance along

its base (from the peak side) equal to %Iength :

Beams — bending moment diagrams and shear force diagrams

External forces on a frame create “internal” forces at each connection, and they also
create internal forces within each member, which tend to deform it.
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F1
‘ F2
A ,
«—{ «C e B
ax Nc is an axial (tensile or
Ay Bendine Moment By compressive) force, which is a type
) of force we’ve already dealt with.
F1 Note equal and opposite forces on
) F2 each piece of the beam, from
N J Newton’s 3" Law.
£ C - B

Ax
Ay Ve

Normal (Axtal) Force Shear Force

Shear and bending moments within a beam are non-zero if:
1) The beam is a two force member but is not straight.

2) The beam is subjected to multiple forces (other than at the joints).

Mz
Shear Force Components V7
note: The sense of VV and M drawn
~ to the left and above is treated as
( . Ny Ny positive in structural engineering.

lZ/ VX

Bending » .
Moment /—%ﬁ Torsional Moment
Components

Normal Force

Cutting Method

We will now develop methods for drawing shear force and bending moment diagrams
that illustrate shear and moment magnitudes at every point along a beam. We will not be
concerned with axial forces, since all external forces will act perpendicular to the
members.

Picking the right size beam requires knowledge of V and M at each point along the
beam’s axis. As we will see in the next outline “Mechanics of Materials” and the
following outlines on concrete and steel design, one can then use appropriate formulas to
determine the required cross sectional area. Graphs of V and M as functions of x are
called shear force diagrams (SFD) and bending moment diagrams (BMD).
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The cutting method is useful for: simple distributed loads where a complicated w(x)
function is not given.

Process:
1) Find support reactions
2) Find equations for VV and M from equilibrium equations
3) Find peak values
note: signs are important!
note: assumed sense of V and M is important!
Look over the following examples to fully understand this method.

eg. 1l
Given: 8 ft beam connected with fixed support and subjected to distributed load shown.
Find: SFD and BMD for the beam.

eg 1 50 Ib/ft Support reactions:
A Ax=0
— +T > Fy: Ay—400 =0 = Ay = 400lb
M, J/.*O(S}=-I(}01b K_“‘jZ:MA:MA—400(4)=0:> M, =1600Ib* ft
<
AX ) | magnitude and location of distributed load on each
Ayl AR > piece must be in terms of x as shown.
’ §ox ex  +1 2 Fy:400-50(x)—V =0=>V = 400-50(x)
X2 %2 3 - 3 N
_-Ha—?* bj X
0 (M 50(8-%) * /Y M, 11600 -400(x) +50(x)(>) + M =0 =
1600 F - 2
) | M = 400x — 25x* —1600
400 . .
X §-x
V(x) 0 § fi
X
400 Ib
-1600 Ib*ft
X
0 st
M(x)

note: Fixed beams like this are sometimes tapered (thicker near the support) in order to
be cost effective, since we can see that the forces are large only near the support.
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e.g.2

Given: Beam supported at both ends. Distributed load and concentrated force (see pic
below).

Find: SFD and BMD for the beam.

. OlN
€8s - 3KN/m
Support reactions:
IS Ay=C
__ . Ay = Cy = 9kN (symmetry)
A ;‘o\ l 1 C
3m " 3m 0<x<3

9+2(1/2*3%3)=18KkN

choose left side: from similar triangles (or y = mx
+b), w(x) _ 3kN/m () =1k—N2(x)
m

3m

TZFy:Q—%xZ -V =0=V =9—%x2

s, :9(6-X)— (6~ X[ (6- )]

I
Ok [ 6-x | OKN “M =0

=M :9(6—x)—%(6—x)3

(6-x) %{6-};}
. l((i-‘:)[w(t)]
2\ \

G-x 1 9KN

T\F(X) I\I(X)
225 kN"fmt+— ————
OkN | |
0 m Gm < |
45N 1+ — — — |
| -OkN \
0 3m 6m
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Graphical Method

This method is useful for: Anytime, but especially for complicated distributed loads
where w(x) is give as a function

Process:
1) Find support reactions
2) Find equations for V and M using integration
3) Find peak values

V(x) = - [w(x)dx M(x) = [ V/(x)dx

note: A point load changes V(x) AT THAT POINT by the amount of the point load. An
external moment changes M(x) AT THAT POINT by the amount of the external
moment. Work from left to right! Assumed sense of V and M is still important,
and w(x) is positive in downward direction.

Look over the following examples to fully understand this method.

eg. 1l

Given: 8 ft beam connected with fixed support and subjected to distributed load shown.
Find: SFD and BMD for the beam.

Support reactions:

50 b/t
[LLLIIITITIIITL Ax=0
A | + S Fy: Ay—400 = 0 = Ay = 400lb
8 1t bj
+ /3 M, M, —400(4)=0= M, =1600lb* ft
M, 50(8) = 400 Ib
4 3
i A | x=0:V(0)=0 M(0)=0
PR ey e x=0":V(0") =V (07)+400 = 400
i M (0%) = M (0~) —1600 = ~1600
1600 Ib*ft .
. ) W(x) =50 b/t 0" <x<8:V(x) =V (0") - [50dx =400 - 50x
0
. M (x) = M (0%) + [ 400 — 50xdx
400 b 0

= -1600+400x-25x>

(compare with e.g.1 for “cutting method™”)



e.g.2
Given: Beam shown will fail for M>30 kip*ft or V>8kip at any point.
Find: Largest distributed load w possible (see pic below).

eg 2 w kip/ft

Support reactions:

.

6 ft 6 ft TZFy:?w—%(G)(W)—G(WHBy:0:> By = 2w
Low j 6(w)
| ! x=0":V(07)=0 M(0")=0
18 28] 38 3ﬂB x=0":V(0")=V(07)+0=0 M(O):O2
Ay y :
’ _ O*£x£6‘:V(x):V(O+)—Iﬂxdx:—WX
(6 ft, w kip/ft) 5 6 12
w(x)=%$ W X 2 3
/ M(x) =M () + [~ dx=—""
)71 36
| . . w(6)? . w(6)*
(0 £, 0 kip/ft) x=6":V(6 )Z—L=—3W M (6 ):_%:_ew
Oft T Of TIW 6V (67)=V(67)+ Ay = 3w+ Tw = 4w

/W

M(6*)=M(6)+0=—6w
6" <x<127:V(x) :V(6+)—dex=4w—w(x—6) =10x — wx
6

X 2 )
M(x)=M(6")+ leW— wxdx = —6w +10wx — % —[10w(6) — _W(g) ]
6

wx?2

=— > +10wx — 48w

Xx=12":V(12") =10w—-w(12) = 2w
w(12)?

M(127) = - +10w(12) - 48w =0

x=12":V(12")=V({12 )+ By=-2w+2w=0 OK
M@2")=M(127)+0=0 OK

31

A mB kT) Z M; :6(wW)(3) +%(6)(W)(8) - Ay(6) =0= Ay =7w
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o 6 ft 126 10 fi 12 fi
TR *
|
2w ——— — J:
AW —— — — )
-OW —
Mmax = 30 kip*ft = 6w Vmax = 8 kip = 4w
= Wmax = 5 Kip/ft = Wnax = 2 Kip/ft
Wnax = 2 Kip/ft
e.g.3

Given: Beam with supports shown. Symmetrical distributed loads.
Find: SFD and BMD for the beam.

eg 3 3 kipt 3 kip/ft Support reactions:
From symmetry, Ay = Ax =0

By = 2* (6)(3) - 18Kip
x=0:V(0)=0 M(0)=0

6 ft O£xs6:V(x)=V(0)—I—%x+3dx=%x2—3x
0
M (X) = M(O)jtj.ix2 —3xdx:ix3 _3y
)4 127 2

X=6 V(6) =%(6)2 _3(6) =9

M(6") =%(6)3 —%(6)2 _ 36

x=6":V(6")=V(6)+18=9
18 lap M(6")=M(6")+0=-36

6" < xle:V(x)=V(6*)—J x—3dx=9—%x2 +3x+9—18=3x—%x2
6

N |-

I SR X2 1,
M(x) =M(6 )+J.3x——x dx=-36+———x"-54+18
S 2 12
—— Lty 3
12 2
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x:12:V(12):3(12)—%(12)2:0 OK M(lZ)z—%(12)3+g(12)2—72:0 OK

V(x) M(x)

OQlapt+ ————

=36 Lap*ft —

-0 kdp-

note: w(x) from 6" <x <12 is %x —3 NOT just %x because our origin is at the far left

side of the beam, not the middle of the beam.

Friction

Single contact block

Moment equilibrium about point O is satisfied if Wx =

all |\, all Phor x = Ph . The block will be on the verge of tipping
A w
I if N acts at the right corner of the block.
P
h Verge of tipping= x = a check: F<u,*N
0 7 2
F
X Equilibrium of the block also requires F = P
w N

Verge of slipping= F=p,*N check: x s%
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Multiple contact points

Four possibilities:

1) No unknown external forces, no contact points necessarily have impending motion.

By

6 unknowns
6 equations (rigid body
equilibrium)

check: Fa<pu, *N,
Fe<uc*N¢

2) Maximizing an external force (minimizing an angle); all contact points on the verge
of slipping.

N, 5 unknowns
3 equations (rigid body equilibrium) + 2
equations (Fa = uaNa, Fs = ugNg)

3) Maximizing an external force, some (usually one) contacts points have impending
motion (slipping or tipping)

7 unknowns
6 equations (rigid body
Bx equilibrium) + guess
- FA = MANA, if A
2m slides first
100 check: Nao>0
100N Fo=he™Ne
p,=.3 -
A A C FA
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OR
- Fc = ucNc, if C slides first
check: Na>0
Fa<p,*Ny

OR
- Na = 0, if rotation about C occurs first.
check: FA=0
Fe<pc*N¢

4) Maximizing an external force; forces contribute solely to tipping.
(case 4 problems are fairly common — an example would be finding the maximum
load a crane truck can hold before tipping)

e.g. (case 3)

Given: Vertical force P applied at connection. Mass of each block =6 kg. uan=.2 g =
8.

Find: Largest force P before motion.

—— > FX: Ty sin30°-T,. sin45°=0
+T Z Fy :TBC C08300+TAC COS450— P = 0

T.. sin30°
From ZFX, TAC - Bscin—45°

. T. sin30°
Substitute into »" Fy, Tac €0s30°+ (BC_SI—EB:%O) c0s45°—P =0
sin 45°

Tec = ! P ~.732P

c0s30° +sin 30° cot 45°
_ sin30° p
sin 45°(cos 30° + sin 30° cot 45°)

~ .5176P

Tac
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/NA +T> Fy:N, —6(9.8)+.5176Psin 45° = 0

A = N, =58.86 +.366P

(Fﬂﬁﬁﬁ —— Y Fx:.5176P cos45° - (F,) frict = 0 = (F,) frict = .366P
1c

™
6(9.2) S176P

p +T > Fy: N, —6(9.8) +.732Psin60° = 0= N, =58.86 +.634P

)
5 B —— > Fx:.(Fy) frict —.732P cos 60° = 0 = (F;) frict = .366P
-

6[}y CEy ) ot

)
T3P 6 g

Guess: (Fa)frict = aNa
.366P = .2(58.86+.366P) = Prax = 40.2N

Check: (Fa)ict = .366(40.2) = 14.7N
1N = .8[58.86+.634(40.2)] = 67.5N
(FB)frict =147< ,LIBNB =675 OK

note: could have broken apart the frame, applied rigid body equilibrium, and made our
guess at the beginning or the end, in that manner. This would have been more
difficult though since member lengths were not given.

A note on redundancy

Redundant supports are extra supports that are not necessary to hold the body in
equilibrium.
fixed support

ex.'s F
M L

Journal bearing

Redundancy is generally good, but it creates too many unknowns for our 3 (2D)
equations or 6 (3D) equations of static equilibrium. Note how most of the examples
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throughout this chapter have used primarily pins or rollers, because multiple fixed
supports = redundancy.

The additional equations needed for redundant supports involve the physical properties of
the body, which are studied in subjects dealing with the mechanics of deformation. The
following chapters on Mechanics of Materials and Classical Structural Analysis deal with
redundant systems. Redundant systems are commonly called “statically indeterminate”
systems.
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