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Torsion

Above is a fixed, prismatic beam subjected to a torque at the right end.
¢ .. =angle of twist

¢, depends on distance x from the wall
v, depends on distance p from the center

Assume distance bb’ is very small and so the arc length bb’ is approximately equal to a
straight line bb’.

¢, =[fraction of arc length change](2r radians) = [2b—b](2n) = bt!
Tr r
bb' bb'
Yimax = [ ](275) =
2m(ab) ab
We can see that v, = rd)% is really the same expression as above.
p Prme
Also, y == = :
Yp r ’Ymax p L
1=Gy
¢ p ¢
Ty = =Gr2& 1 =Z1 =QGpm
max GYmax L p r max p L

We need to find a relationship between T and T:

T=[1,p dA:{(%p)p dA

A
If polar moment of inertia = I, = J-psz , then:
A



T Tr . . .
T="*[ =1, = T — general formula for a circular shaft subjected to torsion

r p

TmaxL — TL r(l)max — Tmax —_ Tr

(I)max = Gr - GIp Ymax = L - G - GI

dmax 1s often just written ¢

p

note: ¢x= 3(1)max = DX (also note similarity of ¢pma.x above to & = P—)
L EA
Solid Bar:
2n ot 4 3
T T 71 G S ' |
T=—"% ’p dp dO = (—== = =
- ioprp pd0= ()= = e

16T
Tmax = — 5 (s0lid shaft)
nd

note: recall from calculus that the extra p in the integrand is just an extra polar
integration factor

Hollow Tube:
2t 12
T T T 4 4 T T 4 4
T: max 2 d de: max 2t =t — max —d _d =
o euﬂpp pdO=(=)(n' 1) = (25 (d," -d,)
16Td
max =4—24 (tube)
nd, —-d,’)
eg.1

Given: Socket wrench transmits torque to a stuck bolt.
Taowane = 460MPa G =78GPa  for the 8mm diameter, solid shaft shown

Find: T, and ¢, for this allowable torque value

eg 1

Snun

L
-

W

200mm
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107°)° T
Tmax — 16-2 Tmax — (Tallowable )7[(8)( O ) 24625N*m (Fmax — __Mmax )
d 16 d
L 200x10°3 °
§ = Imac (Fatouatie J(200X1077) _ g0 or (.29 Rad )( 1i2d ) =16.6°
T

Gr (78x10° )(gxlo*’*)

e.g.2
Given: Either a solid or a hollow steel shaft is to be manufactured,

Toex =1200N*m 7. =40MPa  Thickness of hollow shaft =.1d,
Find: (d; )uins(d, )win» @nd the ratio of material usage for the hollow shaft versus the

solid shaft.
Solid:

eg 2
= 161 (do )min =3 16Tmax =53.5mm

Thax = 3 = -
Tube:

- 16Td,
Tmax

1(12 :ﬂ.[d 4_(8d )4]:>
] 2 . 1(23T
% {12 (d5 Jnin :3\/ > 7y = 63.7mm
(Tallowable )”(1_8 )

Since both shafts are the same density and length, the ratio of weights = the ratio of
volumes = the ratio of areas:

Ahollow _%(dzz_dlz)_ 47
Asl'd - 77d ? -
oll 4 0

The hollow shaft has a larger diameter, but only uses 47% as much material as the solid
shaft. Hollow shafts are more efficient.

'Ell (}1 (]2 IE}2 4, = L 4, = L ¢, = Tsl, ¢, = T.L,
1 2 = 3 4
/ - Gyl Gyl G, ,, G,l,,
C
a7
i ¢total = z¢
sEFE ke g
\/ _EJFB . —L'IT T,,T,,T;,T, are the internal torques within sections
- . D L,,L,,Ls,L,, respectively, which can be found from
L, L, Lj i L4 drawing free body diagrams as was done for the axial

case in the previous section on Hooke’s Law.
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Deformation of tapered bars in torsion

Continuously varying torques/dimensions;

_TEdE T
do= G, (x) ¢ -!Glp(x)dx

note: satisfactory as long as angle of taper is less than 10°

[, (x) determined from d(x), where d is the diameter

note: A shaft in torsion has a normal stress. If ¢ for a material is equal to, or less

allowable

than t then the design for the shaft in torsion is controlled by 6. And, it will

allowable »
fail along a 45° axis. (proof — section on Mohr’s Circle later in this chapter) (e.g.
chalk)

note: Similarly, a member under axial load has a shear stress. If t

for a material is

allowable

equal to, or less than %(Gauowable) , then the design for the axially loaded member is

controlled by 1. And, it will fail along a 45° axis. (proof- section on Mohr’s Circle)
(e.g. concrete)
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