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Principal stresses

oy Stresses are positive if positive face — positive direction or
negative face — negative direction.
(Al stresses shown are positive with respect to these axes)

A
c0os 0, =A—°:> A, =A,seco,
2

A
tan 6, :A—1:>Al =A,tan 6,
0

From Y F =0and) F, =0,

G, +0G G,—0C )
Oy =2+ —"c0s20, +1,,5iN20,
2 2 Y
—(0x—0y) .
Tyayr = %sm 20, + 1,,C0526,

0, £[0°,180°]

These are the “transformation equations” for plane stress.
o« and t . from these equations are the true maximum

stresses in a beam (except for the special case where they
occur out-of-plane). o, and t ., may occur at a location

Of (O ) maxs (T yy ) maxs (Tuy) max» OF MAy occur at a location
Oy b tan where none of the above are maximized.

note: o, foragiven region in a beam is the distributed

load g divided by the cross-sect thickness t at that
location.

note: o, usually compressive (negative in the above equations) since our distributed
loads act downward. o, direction determined from bending stress and external
axial load (%+¥). T direction determined from inspection of the internal

vertical equilibrium (NOT SFD) (see below).
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z T reversed because location
= is to the right of the point load.

cross-sect .
o reversed because section

chosen is in upper portion of
beam.

> —s —

note: The beams of chapter five usually contain all three forces. Since o, depends on x
(distance along beam) and y (in relation to neutral axis), c,, dependsonxandy, T,

depends on x and y, and 0, also varies between 0 and 180°, finding the exact location
and angle of ¢, and 7, can usually only be approached through trial and error using

the transformation equations. For design, transformation equations are accounted for in
the safety factor, but can be checked as follows.

Principal Angles

The following is useful assuming that a location O within a beam has been chosen and
T,y1 Oxcr Oyy are known.

Xy !~ xx !

21
From % =0, tan2(0,)= —— _ (critical angles for normal — “principal stress”)
1 Gxx vy

Two solutions: 6, €[0,90°]and 6, €[90,180°] which correspond to 6, and 6, though
not necessarily in that order. 0, and 0, differ by 90°.

G, tO,

Oy — ny 2 2 .
O ypixpr = (lexl)max = 2 + ( 2 ) + Ty (Sklpped WOI'k)

Gxx+6yy Gxx_cyy 5 2
prprZ = (lexl)min = 2 - ( 2 ) + Txy

(could be greater magnitude than (o, ).

'max")

note: T,,,, =7 =0 (proof Mohr’s Circle — see next section)

note: The true min and max normal stress could be located “out-of-plane” (not
calculated)

Xp2xp2
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drxlyl _(Gxx _ny) ...
From —— =0, tan2(0,) = ———— (critical angles for shear stress)
de, 21,

Two solutions: 6, &[0, 90°] and 6, € [90, 180°] which correspond to 6, and 6., though
not necessarily in that order. 6, and 6, differ by 90°.

Oxx ~Oyy 2 2 O ypixpt ~ O xpaxp2
Tystyst = (Txlyl)max = \/( )+ Tyy OR
2 2
szZysZ = (Txlyl)min = _(Txlyl)max
Oy + Oy L )
note: G,,, = ———— =GO ,q,q = Oy (Proof Mohr’s Circle — see next section)

2
note: 0, =0, —45° (Proof Mohr’s Circle)

note: The true min and max shear stress is located out-of-plane if 5, ,,, and o, .., have

c c
the same Sign: [(Tmax/min )about xpl = i% and (Tmax/min)about Xp2 = i%]
e.g.
Given: o, =12300psi o, =-4200psi z,, =—4700 psi
Find: prlxpl ! O-xp2xp2 ! szlysl ! szZysZ
e.g -4200 27,
. tan 20p == 2«9p =-29.67° =330.33°
O — Oy
- 0, =165.2° and 75.2°
— . — > ——x O,tO0 Oy —O ]
o 12300 . S 05 2(165.2) 7, Sin 2(165.2)
— ¥ = 13540 psi =0,
O +0,, On—0, ]
5 + 5 cos2(75.2)+17,,sin2(75.2)
=-5440 psi = 7,5,
check:
o, +o o, —0O
XX vy + XX YW \2 +r 2
2 \/( 2 ) Xy

= -5440 and 13540, as expected



s —(o,—0,)
1 o tan20, = _Tv’
positive-positive 27

= 26, =60.4°
Xy

in terms of X; X5 ) _ 30 90 and 120.2°

X _(Gxx_o-yy)

Sy fsin 2(30.2)+7,, c0s2(30.2)

G
ave

=-9490 psi = 7,4,
_(Uxx —Oy ) .
——————sin2(120.2) +r,, c0s 2(120.2)

= 9490 psi = 7,4,
positive-negative
m terms of X; . X;

2

O )2y r 7 = 9490

Gxx
check: + \/(—
2
, =0, —45°=165.2° - 45° = 120.2°
O-xplxpl - O-xpzxpz _ 13540 - ( —5440 )

Xs2ys2 = 2 2
=0and o = 0, could also be shown easily

note: @

S

= 9490

note: 7,y =-7

hote: Txplypl = z-xp2yp2 xsixsl — O xs2xs2
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